The AdS/CFT dual description of a peripheral heavy ion collision involves an asymptotically AdS rotating black hole. The explicitly known black holes of this kind, with planar event horizon topology [the "KMV 0 " spacetimes], have been shown to be unstable when string-theoretic effects are taken into account. It has been argued that this implies a "holographic" angular momentum cutoff for peripheral collisions at very high energies. However, the KMV 0 black hole corresponds to a specific velocity distribution in the aftermath of a peripheral collision, and this distribution is not realistic at all points of the interaction zone. It could therefore be argued that the angular momentum cutoff is an artefact of this particular choice of bulk geometry. We demonstrate that, on the contrary, a Quark-Gluon Plasma with any physically reasonable internal velocity distribution corresponds to a black hole which is still unstable, in the same way as the KMV 0 spacetime. The angular momentum cutoff is therefore a universal prediction of the holographic description of these collisions.
Peripheral Heavy Ion Collisions and Planar Black Holes
One of the tasks of the LHC experiments is to study the Quark-Gluon Plasma [QGP] formed in collisions of lead nuclei [1] [2] . Much attention, both experimental and theoretical, has been focused on the elliptic flow associated with peripheral [non-central] collisions; but the energies in this experiment are so high that it has also been proposed [3] [4] [5] that novel phenomena [involving quark polarization] may eventually be observable in connection with the internal motion of the QGP. This is not implausible, in view of the very large angular momenta generated by ultra-high-energy peripheral collisions, a significant proportion of which can be transferred to the plasma.
In holographic approaches [see for example [6] [7] ] to the study of the QGP, one begins by identifying an appropriate thermal AdS black hole spacetime to play the role of the bulk. In order to use holography to study a QGP endowed with a non-trivial amount of angular momentum, it is natural to turn to Carter's AdS-Kerr black hole spacetime [8] [9] , which has topologically spherical event horizons and boundary spatial geometry: this was pioneered by Atmaja and Schalm [10] . The idea is essentially that frame-dragging around a rotating black hole -an effect which persists at infinity for AdS black holes -can be used to model the shearing within the QGP.
In applying ideas from the AdS/CFT correspondence to the QGP or to condensed matter systems, the ultimate hope is that the gravitational dual theory will be able to reveal previously unknown properties of these very unusual forms of matter. The case of non-trivial internal angular momentum is particularly interesting from this point of view, because spinning black holes differ in an essential way from their static counterparts: angular momentum is a new ADM "charge", and the AdS-Kerr metric cannot be obtained in any simple way from its AdS-Schwarzschild counterpart. In this sense, the introduction of angular momentum is a more drastic change on the bulk side of the correspondence than it appears to be on the boundary side, so we might hope that the former can indeed reveal new aspects of the latter.
In this spirit, it was proposed in [11] that there may be an upper bound on the ratio of the angular momentum density to the energy density of the QGP produced in peripheral collisions. This arises in the following manner. The spherical spatial geometry of the conformal boundary of the AdS-Kerr black hole used in [10] clearly does not correctly represent the geometry in which the actual QGP is studied, which is of course flat. In the non-rotating case, one remedies this by using AdS black holes with event horizons having the topology of the ordinary Euclidean plane; as Witten observes in [12] , one can obtain these by taking the infinite-mass limit of the spherical case. The rotating versions of these planar black holes were discovered by Klemm, Moretti, and Vanzo [13] . Unlike their topologically spherical counterparts [14] , these are actually unstable when stringtheoretic effects in the bulk are included. This follows from an application of Seiberg and Witten's study [15] of the stability of branes propagating in deformed versions of AdS. Assuming that the AdS/CFT duality holds here, we conclude that the "spinning QGP" must likewise be unstable.
It was argued in [11] that one should expect this effect to be directly relevant, if at all, only to collisions at extreme energies and with favourable impact parameters, and so we interpret our result as imposing a "cutoff" on the ratio of the angular momentum density to the energy density of the QGP. It is not entirely clear whether it is possible in practice to identify an experimental signature of such a cutoff in the case of the QGP. [One might expect, however, that it will play a role when the effects of vorticity on computations of the elliptic flow parameter v 2 are fully taken into account in simulation studies [16] .] The effect may in fact be equally important for the analogous condensed-matter [17] systems [the "rotating holographic superconductors" [18] and related systems [19] [20] ], and our methods can be adapted to apply to that case also. For simplicity, however, we shall formulate all of our results 1 in the form in which they apply to the QGP, as it is produced in peripheral heavy-ion collisions.
However, before making any predictions regarding an angular momentum cutoff in real physical systems, one must confront the following important objection. The use of a planar geometry at infinity is clearly preferable to using a curved space, but the KMV 0 black hole shares one defect with the spherical AdS black hole: while both do allow us to use frame-dragging to model the QGP internal velocity distribution, neither of them leads to a distribution which is realistic. We suggested in [11] that, despite this, the qualitative [and perhaps, to some extent, even the quantitative] conclusions we drew from a study of the KMV 0 case could still be trusted. However, more evidence for this claim is clearly essential. In other words, we must answer the question: if a realistic velocity distribution could somehow be modelled by a [different] planar AdS black hole, could this black hole be stable against the Seiberg-Witten effect? If this were so, then there would be no holographic angular momentum cutoff.
The purpose of this work is to show that the answer to this question is in the negative: a rotating planar AdS black hole inducing a realistic velocity profile at infinity would be unstable, in precisely the same way as the KMV 0 black hole. [In fact, we conjecture that every planar AdS black hole with non-zero angular momentum is unstable in that sense.] This surprisingly general conclusion follows from an application of certain powerful theorems in global differential geometry, combined with a local analysis of special cases.
Thus we have a remarkable application of the holographic approach: it firmly predicts the existence of some kind of instability for the quark-gluon plasma produced in sufficiently energetic peripheral heavy ion collisions. The rate at which such an instability develops is of course a different matter, which we do not try to address here.
We begin with a more precise formulation of the problem.
Using Frame-Dragging to Model the QGP Velocity Profile
The arguments presented in [11] were based on a simple geometric model of the conditions obtaining in the aftermath of a peripheral collision. As is explained in [4] , the nonuniformity of the distribution of nucleons in the transverse direction [see Figure 1 ] implies that the amounts of momentum being carried left and right at a given value of x, the transverse coordinate, are not equal, and that the disparity is an increasing function of x. This generates a non-trivial velocity profile in the x direction, giving rise to a shearing effect, which is the manner in which the QGP takes up a significant fraction of the total angular momentum of the system. [In the diagram, the z-axis is defined as the axis along which the momenta cancel; only the parts of the nucleons corresponding to positive x have been shown.] Figure 1 : Schematic Picture of Peripheral Collision [after [4] ].
The holographic dual of the field theory used to describe the ordinary QGP is an AdS-Schwarzschild spacetime [or an AdS-Reissner-Nordström spacetime if one wants to have a non-zero chemical potential]. Hence it is very natural to model a QGP with a non-trivial angular momentum density by some kind of AdS-Kerr metric. The shearing we have just been describing will then correspond to frame-dragging [26] [or rather its counterpart at conformal infinity] around the black hole.
It is important to understand the nature of this correspondence. Frame-dragging is a purely geometric effect, like the expansion of the Universe in relativistic cosmology, and, as in that case, it is not subject to the familiar requirement that "speeds" should not exceed the speed of light. However, if we wish to use it to model the internal motion of the QGP, then of course we do have to ensure that this requirement is met. This means that we may have to impose conditions on the parameters of the black hole, not because they are required by black hole physics, but simply to ensure that the dual system respects causality.
A second point to bear in mind is that it is far from clear that frame-dragging can mimic the detailed velocity distribution that will result from the situation portrayed in Figure 1 , even approximately. That distribution will be described by a profile [see [4] [5] ] which vanishes along the z axis and then steadily increases, until it is bounded by causality. The magnitudes of the velocities will be determined by the density of the angular momentum, which of course can be quite large; in [11] it was measured by a parameter denoted a/L, where a [with units of length] is the ratio of the angular momentum and energy densities, and L [also with units of length] is related to the natural temperature scale of the QGP. We found that a/L could be quite large, perhaps even as large as 1000 at the LHC.
Let us examine these points with the aid of a concrete example, the AdS-Kerr black hole with a topologically spherical event horizon, as used in [10] . Then the geometry at infinity is described by a metric of the form
where θ and φ are the usual spherical angles on a topological two-sphere, a is the ratio of the ADM angular momentum of the black hole to its ADM mass, and L is the asymptotic AdS curvature radius. Holographically, a/L corresponds to the QGP parameter discussed above. This represents [a typical slice of] a system in which free particles with zero angular momentum, with θ = constant, rotate at a constant 2 angular velocity dφ/dt = a/L 2 around the axis of symmetry. Such a particle is frame-dragged in the φ direction with a linear "velocity", taking into account the form of the metric in (1), given by
We see that this does depend on position in the "transverse" direction, corresponding to the coordinate θ. This is what we need, since the velocity distribution in the QGP has a non-trivial transverse profile. Causality in the model is respected provided that a/L satisfies a/L < 1/ √ 2 ≈ 0.7071, so that v < 1 for all values of θ. The geometry described by the metric in equation (1) has been used successfully to give an account of the drag force on a heavy quark moving through a QGP with non-zero angular momentum density [10] . However, there are several serious objections to it. First, the spatial geometry of the real system is of course planar, and not that of a deformed sphere; and, second, it is obvious that the velocity in the real system does not vary in the manner given by equation (2) . Thirdly, the restriction a/L < 1/ √ 2 is far too strong, since, as we mentioned above, a/L in the real system is far larger.
In order to address these points, we proposed in [11] to study "peripheral collision geometries" with metrics of the form
Here z is the axis of the collision, and x is the transverse coordinate, as above. The space described by these two coordinates, which take the place of φ and θ respectively in equation (1), is now flat. As before, the parameter a should be related to the ratio of the angular momentum and energy densities of the spinning QGP; L is a parameter with units of length, determined by a temperature scale characteristic of the QGP, and the dimensionless quantity ω ∞ (x , a/L)L describes the transverse velocity distribution; note that this means that we must have
The notation here expresses the idea that we want ω ∞ (x , a/L) to have a dual interpretation as the asymptotic value of the angular velocity of some rotating AdS black hole [with ADM angular momentum related to the parameter a] with an event horizon necessarily having planar, not spherical, topology 3 . That is, we would like to specify this function [by examining more-or-less realistic velocity profiles, such as those given in [4] and [5] ], and then study an AdS planar black hole which induces at infinity the metric given in (3). This black hole should allow large values of a/L. In this way we can hope to find an improved holographic description of the QGP when its angular momentum density is large.
The problem is of course to find such a black hole. Indeed, even more basically, one would like to have some reassurance that such a black hole actually exists, for a prescribed function ω ∞ (x , a/L). We shall discuss this question in the next Section; for the moment, let us remark that the familiar black hole uniqueness results do not apply directly to asymptotically AdS spacetimes, because one needs to prescribe much more data at infinity in this case; so one cannot easily rule out the possible existence of such objects.
In order to gain a first orientation, we proceeded in [11] in a different way: instead of trying to prescribe the geometry at infinity, we took the known rotating planar "KMV 0 " black hole [13] , and showed that it does indeed induce at infinity a metric of the form given in equation (3); furthermore, it does allow [arbitrarily] large values of a/L. We then studied the corresponding ω ∞ (x , a/L) function, and used the detailed structure of the bulk metric to show that the system is unstable in the Seiberg-Witten manner. Now in fact it turns out that the KMV 0 velocity profile is very much like the profile used in [4] [see the diagrams there and in [11] ]. A profile of this sort is portrayed in Figure  2 ; this is in fact precisely a graph of the ω ∞ (x , a/L) function for a KMV 0 metric, with particular values of a and L.
This velocity profile might be a reasonable approximation for nucleons near to the axis, but it obviously fails globally, since it continues to increase indefinitely: ultimately it will violate causality. Indeed, in the very high-energy collisions with which we are concerned here, relativistic velocities would occur, post-collision, for values of x which are not very large relative to the size of the nucleus, and so the velocity profiles must flatten out well before the boundary of the nucleus is approached. That is, a more realistic global velocity profile would resemble the one shown in Figure 3 : crucially, there is an extended "flat" region in which the velocities are [in natural units] close to unity. In fact, profiles of just this sort were used in the more recent work of Huang et al. [5] . One can think Now the conclusions of [11] regarding the angular momentum cutoff were based on the use of the KMV 0 geometry, which means that we implicitly assumed a velocity profile of the same form as the one used in [4] , that is, one of the sort shown in Figure 2 . But, as we have just argued, this profile is only valid for a part of the interaction zone, not globally. The question stated in the Introduction can now be formulated more precisely: if the KMV 0 geometry could be deformed in such a way that the velocity at infinity is distributed as in Figure 3 instead of Figure 2 , could that change the conclusion that the system must be unstable? In other words, could it be that solving one problem [an unrealistic velocity profile for the QGP] might at the same time solve another [the instability of the dual black hole]?
This question can be answered, but some machinery must be developed first. We begin with a review of the KMV 0 spacetime and its possible deformed versions.
3. The KMV 0 Geometry and its Deformations.
One of the most basic features of asymptotically flat black holes is that they are [under well-understood conditions] uniquely specified by ADM data. This does not break down completely in the asymptotically AdS context, but the situation is certainly more subtle in this case.
The first and perhaps best-known novelty in the asymptotically AdS case is that the event horizon need no longer have spherical topology [27] . All of the following metrics represent (n+2)-dimensional AdS black holes of ADM mass M, with compact event horizons modelled on spaces of constant curvature k = {−1, 0, +1} and asymptotic curvature −1/L 2 :
. Thus, for a four-dimensional black hole with k = 0, the sections r = constant have the topology of a two-torus, with arbitrary volume. As is explained in more detail in [11] , we can "decompactify" this example as follows. ] tend to infinity, in such a way that M * remains finite. Then we have a planar black hole, described by a finite "mass parameter" M * :
where ψ and ζ are dimensionless coordinates on the plane [so they have infinite ranges].
The quantity r h remains finite, and M * /r 2 h continues to have an interpretation in terms of an energy density. In this way we can avoid having a compact event horizon where necessary.
This spacetime has an obvious Euclidean version. Of course, the Euclidean version has a different geometry in the "time" direction, and it also has a different topology in that direction, since Euclidean "time" is always compact. The local geometry in the spatial directions remains unchanged -in particular, it is still flat in the transverse directions parametrised by ψ and ζ -but its topology can be chosen to be either planar or compact. Since the time coordinate is compactified in the Euclidean case, it seems natural to compactify in the spatial directions also, and, as we shall see later, this is still more compelling in the rotating case. If we do this, then the r = constant sections of the Euclidean black hole are [apart from the origin] copies of the three-torus T 3 [one circle corresponding to time, and one each to ψ and ζ]. The conformal structure at infinity here is clearly represented by a flat metric on T 3 . The second new feature of the asymptotically AdS case is that these black holes can be deformed, in the following sense. Take for example a five-dimensional static AdS black hole with a spherical event horizon. The spacetime geometry at infinity is that of the Einstein static universe, which has spatial sections described by the usual round metric on the three-sphere S 3 . Now we deform this sphere to [say] a prolate spheroid, to obtain a "squashed Einstein static universe":
Here σ 1,2,3 are orthogonal basis one-forms on the unit three-sphere S 3 , L is the asymptotic AdS curvature radius, and s is a dimensionless constant non-zero "squashing" parameter, which is greater than unity in the prolate case. We now ask whether there is a static black hole solution of the Einstein equation in the bulk [that is, with no matter other than a contribution due to the negative cosmological constant] which induces this prolate geometry at infinity. This question was answered numerically by Murata et al. [28] [see also [29] and [30] ], who exhibited black hole metrics of precisely this kind:
where F(r) is a non-negative function, δ(r) is a bounded function, vanishing at infinity, and s(r) is a function which can have an asymptotic positive value s ∞ not necessarily equal to unity, so that indeed the geometry at infinity is given by the metric in (7). One could follow an analogous procedure to obtain more complicated deformations of S 3 , along several axes simultaneously [31] , and construct a similarly deformed black hole. This means that "black hole uniqueness", in the stationary, asymptotically AdS context, has to involve a specification of the topology and geometry of the space at infinity. It also means that the AdS/CFT duality can potentially be applied to a very wide range of boundary geometries, just as was envisaged at the outset [32] . This is crucial for many possible applications; see for example [33] .
Still more general deformations have been studied by Anderson et (6), with compactified (t, ψ, ζ), is an infinite-dimensional space, with an image under the bulk-to-boundary map which contains open sets in C s (M).
In simple language: if one continuously deforms 4 the torus at infinity for the Euclidean k = 0 AdS black hole, so that it remains "static" but ceases to be flat, then [unless the deformation eventually becomes so extreme that the conformal class of the torus leaves an open set in C s (M) around the original class] one can still find a "static" Euclidean AdS black hole [having an Einstein metric of negative cosmological constant] which induces the deformed metric at infinity 5 . Analogous statements hold for Euclidean AdS black holes [see equation (5)] with k = ± 1, and also in the corresponding Lorentzian cases. This is the general result behind the particular constructions of [28] [29] [30] .
This discussion applies to static, that is, non-rotating black holes. However, Anderson et al. state that there is no obstacle in principle to extending their results to the stationary [rotating] case [though one should expect the technical problems to be substantial]. Considerable progress in this direction has been reported in [38] . Again, one expects that bulk metrics will normally exist for physically reasonable deformations of the boundary.
[Notice that giving angular momentum to an AdS black hole does have the effect of distorting the geometry at infinity; so, in a sense, stationary black holes are themselves a "deformed" version of their static counterparts.]
What kinds of deformations might cause the existence theory to fail? Here is an example. Suppose that one takes the ω ∞ (x , a/L) function corresponding to Figure 2 , and replaces it by some function which is infinitely differentiable but not real-analytic, that is, not everywhere given by its Taylor series. Then [ [39] , Theorem 2.1] the Euclidean version of the metric in equation (3) is also infinitely differentiable but not necessarily realanalytic in harmonic coordinates; by adjusting ω ∞ (x , a/L) suitably, one can ensure that it is not. The bulk Euclidean black hole metric would then also be infinitely differentiable but not analytic in harmonic coordinates, if it existed. But this is impossible, because the bulk metric is, by hypothesis, an Einstein metric, and it is known [[39], Theorem 5.2] that Einstein metrics are always real-analytic in harmonic coordinates. Hence a "deformation" of this kind would lead to a boundary metric with no bulk counterpart.
Mathematically, this situation arises because while the bulk has to have an Einstein metric, there is no such requirement for the boundary. Thus one should expect that there will be some boundary deformations which cannot be matched in the bulk. However, the example we have given is rather exotic, and this suggests that these cases should be rare; normally we would not expect the distinction between analytic and infinitely differentiable metrics to be important for physical applications. Note, however, that the graph in Figure  3 does actually resemble the simplest examples of smooth but non-analytic real functions, namely those, like "bump" functions, which are exactly constant on one part of their domain but not on another; and indeed we shall see an example of this sort, below. On the whole, however, we should not expect any difficulties as long as ω ∞ (x , a/L) remains analytic.
In short, the metrics given by equation (5) are merely representatives of large classes of asymptotically AdS static black hole metrics, classes which are generated by continuously deforming the geometry at infinity of the representative spacetime; and one can expect a similar statement to hold in the rotating case.
For rotating black holes with topologically spherical event horizons, the basic representative is just Carter's AdS-Kerr metric [8] [9] . The planar analogue [generalizing the metric in equation (6) above] is the KMV 0 metric of Klemm et al. [13] , to which we now turn.
We adopt the same [non-compact] coordinates as in equation (6), (t, r, ψ, ζ), and we define an angular momentum density parameter J * in a manner analogous to the definition of M * , above. Set a = J * /M * ; this will be interpreted holographically as the ratio of the angular momentum and energy densities in the boundary theory. [The angular momentum never occurs alone in the sequel, only in the form of this ratio.] Then the KMV 0 metric is given by
where the asymptotic curvature is −1/L 2 and where
Notice that this metric reduces to the AdS planar black hole metric g(AdSBH P 4 ) when a = 0; it is the planar analogue of Carter's topologically spherical AdS black hole, in the sense that it is an explicit metric with a Killing vector field [∂ ζ ] in addition to the time translation field 6 . We continue to refer to it as a "planar" black hole, though it is planar only topologically, not geometrically. Its temperature and other details may be found in [13] [11] .
The KMV 0 metric induces at infinity a conformal structure represented by the metric
Setting dx = Ldψ/ 1 + a 2 ψ 4 /L 2 and dz = Ldζ, we can write this as
where i = √ −1, γ = (1 + i)/ √ 2, and sinl(x) ≡ sn(x, i) is the "lemniscatic sine", which will be described in detail in the next Section; it is one of the Jacobi elliptic functions [40] , sn(x, k), with imaginary elliptic modulus k = i. This function is real and bounded on the real axis; here, however, it is being evaluated along a diagonal axis in the complex plane. It is not bounded in the complex plane; however, sinl(γx)/γ is still real, as one can see from the series expansion of sn(x, k) [which can be shown [40] to take the form x + a 5 x 5 + a 9 x 9 + a 13 x 13 ... for certain constant coefficients, when k = i.] This is analogous to the fact that sin(ix)/i = sinh(x) is real [and not bounded].
Comparing equation (12) with equation (3) we see that we have here a concrete example of the "peripheral collision geometry": the two-dimensional space parametrised by x and z is flat, and the function ω ∞ (x , a/L) in this case is just sinl
. This is the function 7 graphed [with a = L = 1] in Figure 2 ; as explained earlier, it resembles the velocity distribution used in [4] .
The task before us can now can be described concretely as follows. Begin with the metric in equation (12): it describes a velocity distribution of the kind pictured in Figure  2 . It arises holographically from the KMV 0 black hole, which has been shown [11] to be unstable to the effect discovered by Seiberg and Witten in [15] . Suppose however that we continuously deform the boundary geometry, so that it continues to be of the "peripheral collision" form, but with the graph in Figure 2 replaced by that in Figure 3 . [This will also, of course, induce a continuous deformation of the Euclidean version of the spacetime; its geometry will change, but not its topology.] This deformation is actually very mild by comparison with the deformations contemplated in [34] : for in that work the authors were primarily interested in deformations which remove all spacelike Killing vectors, whereas here we want deformations [see equation (3) ] which retain ∂ z as a Killing vector, both on the boundary and [therefore] in the bulk. That is, we do not want to lose any symmetry beyond that which has already been lost due to rotation; we only want to deform the azimuthal geometry of the black hole. In view of the above discussion, we shall assume henceforth that such black holes do exist.
The question is now: can it be that this deformed black hole is stable, in the SeibergWitten sense? If so, this would nullify the conclusions of [11] : it would mean that we arrived at the conclusions of that work simply because we were using the "wrong" black hole.
It may seem hopeless to try to answer such a general question, but fortunately there exist mathematical results of sufficient power to do so, except in certain special cases. We begin with a detailed study of the structure of the Euclidean version of the KMV 0 metric. 7 In fact, the function sinl 
The Topology of the KMV 0 Instanton
Each KMV 0 metric defines a Euclidean instanton, given by the usual continuations of the,
where we use the same names for Euclidean and Lorentzian coordinates, and where the component functions are straightforward continuations of the formulae (10) above. It is convenient to introduce a new coordinate ξ, replacing ψ, defined 8 by
here sinl(x), the "lemniscatic sine" function mentioned earlier, is defined as sinl(x) ≡ sn(x, i), one of the Jacobi elliptic functions [40] . Its graph, for real x, is shown in Figure 4 . In terms of this coordinate, the metric is
where cosl(x), the "leminiscatic cosine", is defined as the derivative of sinl(x); it can be expressed in terms of the standard Jacobi elliptic functions [40] cn(x, k) and dn(x, k) as cosl(x) = cn(x, i)dn(x, i). Like sinl(x), cosl(x) is periodic and varies between ±1 along the real axis; in fact, sinl 4 (x) + cosl 2 (x) = 1; see Figure 5 . It is of interest to examine the boundary metric: it is given by
where we have set τ = t/L, and factored out a common L 2 . As usual, the ξ-ζ plane is still flat. In the non-rotating case, we chose the topology to be toral, but here we will see that this topology is the physical one in the rotating case. [Note that (17) can be obtained directly from (12) above by complexifying t and a.]
The point to note here is that the lemniscatic sine and cosine functions occurring in (15) and (16) are being evaluated along the real axis, which was not the case in our earlier discussion of the Lorentzian boundary metric. In this case, they behave very much like the ordinary circular sine and cosine. The periods of sinl(x) and cosl(x) are given by 4K(i), where K(k) is the complete elliptic integral of the first kind [40] , which is real even when evaluated along the imaginary axis. Because these two functions occur in the formulae only in squared form, this means that every component of the metric in (15) is periodic in ξ with period 2K(i) L/a. Unlike the function sinl(γx)/γ which occurs in the Lorentzian case, however, all of these components are in addition bounded everywhere, so that they are well-defined for all real ξ, as Figures 4 and 5 show.
In fact, sinl(x) ≡ sn(x, i) is just Gauss' "sinus lemniscaticus" [41] , the function which arises when one computes the arc length of a lemniscate. In polar coordinates, the unit lemniscate has the equation [42] , the "lemniscate constant" ≈ 2.622058; it plays a role analogous to π for the circle.] This means that the map σ → 4 arctan[sinl(σ)] gives a homeomorphism from one lobe of the lemniscate to the circle. Thus our coordinate a/L ξ, which corresponds to length along a lobe of a lemniscate, can also be regarded as a coordinate on a circle. In short, the geometry is compactified in the ξ direction, with a period which depends on a, the ratio of the angular momentum and mass parameters of the original black hole.
On the other hand, as with any black hole instanton, the "time" coordinate here has to be periodic, with period given by the reciprocal of the Hawking temperature. Since dζ is mixed with dt, this in turn means [9] [11] that ζ is periodic [with a period which can be computed given the temperature and the parameter a]. In short, every nonradial coordinate in equation (15) is periodic, though the three periods differ in general. Furthermore the volume form of the metric on the three-dimensional slices r = constant never vanishes 9 except at the origin of the Euclidean space; this ensures that none of these slices is "pinched off" at any point, in these coordinates. It follows that the r = constant sections, other than the origin, have the topology of a torus. This means that the boundary too is necessarily of toral topology in the Euclidean case. This will be important in the sequel. [The geometry of this torus is given by the metric in equation (17): note that it is not flat.]
We may now turn to the question of the stability of the black holes obtained by deforming the KMV 0 spacetime in the manner we have described earlier.
Seiberg-Witten Instability of Deformed KMV 0 : the Generic Case
In their study of deformations of the spherical AdS 5 -Schwarzschild black hole, Murata et al. [28] noticed the following curious fact. The scalar curvature of the metric given in 9 The relevant determinant is given by ∆ E r ρ 2 E . The proof that neither factor vanishes away from the origin is given in [11] . equation (7), and also of its Euclidean version, is
We see that if the 3-sphere at infinity becomes sufficiently prolate [s > 2], then the scalar curvature at infinity can become negative. This causes a tachyonic mode to arise in a scalar field on the boundary. Yet, as Murata et al. emphasise, the bulk black hole [with metric given in equation (8), above], which has a rather mildly prolate event horizon but is otherwise apparently unremarkable, shows no obvious sign of being unstable. This is potentially a very important observation, because it constitutes a direct challenge to the validity of the AdS/CFT correspondence. The resolution is as follows [37] . Seiberg and Witten [15] observed that deformations of any bulk AdS-like geometry have important consequences for extended objects such as branes propagating in that bulk. In particular, the action for a BPS brane is a function of radial position, and they showed that this action will become [and remain] negative beyond some value of the radial coordinate if the Euclidean version of the bulk metric has negative scalar curvature at infinity 10 . This signals an instability, since brane-antibrane pairs will nucleate, and a brane can lower its action by expanding instead of contracting. Thus, the distorted black hole with negative Euclidean scalar curvature at infinity studied by Murata et al. is in fact unstable from a string-theoretic point of view 11 , and it becomes so precisely when the boundary scalar ceases to be stable. In this way, the AdS/CFT correspondence is preserved. We see that the Seiberg-Witten effect plays a crucial role in the correspondence, and its presence or absence must always be checked whenever an asymptotically AdS spacetime is deformed in any way. Now let us try to apply this to the KMV 0 black hole. What is the scalar curvature of the metric in equation (17) , after it has been conformally transformed to a constant? The answer is that it is precisely zero, as we shall show in detail in the next Section. We see that, in this case, the criterion we have just been discussing fails us. We have to examine the brane action explicitly, and this was done in [11] . The result was that the brane action does become and remain negative beyond a certain value of the radial coordinate, so the KMV 0 black hole is indeed unstable. [This is of course not a contradiction: the criterion given above is sufficient for instability, but it is not necessary. We note in passing that positivity of the scalar curvature at infinity is neither necessary nor sufficient to avoid Seiberg-Witten instability: see [14] for a discussion.]
While the scalar curvature criterion fails us here, it is however very useful when we distort the KMV 0 spacetime. If we do so, then the Euclidean version of the spacetime, and likewise its boundary [with metric given in (17)], will also be distorted. The new metric on the boundary can still be conformally transformed to have constant scalar curvature, but, generically, this new constant will not vanish. Let us see what happens in this case.
There is a large and extremely deep body of mathematical results on the problem of prescribed scalar curvatures for compact manifolds. The basic result in the subject is the Kazdan-Warner Classification Theorem [44] , which classifies all compact manifolds into 10 The scalar curvature of a Riemannian metric on a compact manifold can always be made constant by means of a conformal transformation [43] , and it is to this constant that we refer when we speak of the sign of the scalar curvature at infinity.
11 Similarly, black holes with compact hyperbolic event horizons [27] are unstable in this way.
three classes, according to the kinds of scalar functions which can be the scalar curvature of some Riemannian metric on that manifold. We shall not describe this result in detail [see [45] for an introduction]; we merely note that deep theorems of Schoen, Yau [46] , Gromov, and Lawson [47] imply that all tori are in "Kazdan-Warner class Z". This means that the only functions on a torus which can be scalar curvatures are those which are either negative at some point, or identically zero. This implies the following crucial corollary:
COROLLARY (of the theorems of Schoen-Yau-Gromov-Lawson): A generic metric on a torus, when conformally transformed to constant scalar curvature, then has negative scalar curvature.
"Generic" here has a very precise meaning: it means that the scalar curvature of the conformally transformed metric should not be identically zero.
Combining this with the Seiberg-Witten criterion and with the fact that, as we showed in the preceding Section, the Euclidean spaces corresponding to any continuous deformation of the KMV 0 metric have toral topology at the boundary, we see that a generic deformation of this black hole will produce a system which is still unstable, in just the same way as the KMV 0 spacetime itself. This means that we cannot hope to avoid the instability simply by distorting the boundary geometry in an arbitrary way.
While this is very remarkable, we are not really interested in "arbitrary" deformations: we want a deformation of a particular type, one that renders the KMV 0 velocity profile more realistic. And indeed there is still a loophole: what of non-generic deformations of the KMV 0 metric, those which maintain zero [Euclidean] scalar curvature at infinity? In particular, can a realistic velocity distribution, like the one pictured in Figure 3 , arise from a black hole with scalar curvature at infinity that can be conformally transformed to zero? We now turn to this special but crucial case.
Seiberg-Witten Instability of Deformed KMV 0 : Scalar-Flat Case
The theorems invoked in the preceding Section have greatly reduced the range of possible black hole deformations which might lead to a stable black hole with a reasonably realistic velocity profile at infinity. But the range of possibilities still seems to be prohibitively large, in that vanishing scalar curvature is [usually] a very weak constraint. For example, there are such metrics on any three-dimensional manifold with the topology of a sphere, any quotient of a sphere, S 1 ×S 2 , and any connected sum of these, as well as, of course, on the three-torus and its non-singular quotients. However, the situation in this last case is dramatically different from the others: a theorem due to Bourguignon and later greatly generalised by Gromov and Lawson [see [47] , page 306] implies the following extraordinary result 12 .
THEOREM (Bourguignon-Gromov-Lawson): Let g be a Riemannian metric on a torus or on any non-singular quotient of a torus. If the scalar curvature of g vanishes, then g is exactly flat, that is, the full curvature tensor is zero.
This enormously simplifies our problem: we now see that the only metrics on the torus which can escape the conclusions of the previous Section are those which are conformally flat.
Conformal flatness for a metric g on a three-dimensional manifold is determined [48] by the vanishing of the [symmetric, traceless] Cotton tensor
where η ijk is the alternating tensor and R ij is the Ricci tensor. Requiring this object to vanish imposes third-order differential equations on the metric, so in general we still have a three-parameter family of metrics under this condition. As we shall see, the Euclidean KMV 0 boundary metric given in equation (17) belongs to this family. We need to determine whether a deformation of this metric, terminating within the conformally flat family, can lead to a Lorentzian black hole metric with a boundary metric generating a velocity profile resembling the one in Figure 3 .
We therefore begin with a Euclidean metric on the three-torus, of the form
thinking of it as the Euclidean version of the "peripheral collision metric" given in equation (3); see also equation (17) . [Here, Ω(ξ) is some periodic function of ξ.] The Cotton tensor of this metric, computed using MAPLE, is
where the dash denotes a derivative with respect to ξ. Setting this equal to zero will give us the family of Euclidean metrics we seek. It will be convenient to transform the resulting equation to the Lorentzian domain, complexifying τ and Ω; we denote the complexified version of the latter by ωL [so as to match the notation in equation (3)]. The result 13 is the equation
where ω is now to be regarded as a function of the physical coordinate x, as in Figures  2 and 3 , and the dash now denotes a derivative with respect to x. This is a strongly non-linear third-order equation. In order to arrive at definite conclusions, we need to be able to produce graphs of all possible solutions of this equation; surprisingly, that can be done. As x does not appear explicitly here, this equation is reducible in a standard way to a second-order equation. First we note that ω ≡ constant is obviously a solution of this equation; it corresponds to a boundary on which the curvature tensor is already zero. Let us set that possibility to one side for the moment -we will return to it below -and 13 Some care is required here. Ω has to be complexified because of the cross term in equation (20) ; but note that if Ω is replaced by iωL in (21) 
and so on, producing a relative minus sign between terms under complexification.
define G(ω) = (1/2)(ω ′ ) 2 , regarding it as a function of ω. Substituting this into (22), we find that the result is a linear second-order equation for G:
Still more satisfactory is the fact that this equation can be solved by means of a simple change of variable: setting H = G/(1 + ω 2 L 2 ) we find that the equation collapses to d 2 H/dω 2 = 0. Thus equation (22) reduces to a separable first-order equation:
where A and B are arbitrary dimensionless constants. [In fact, since ω should vanish at x = 0 [equation (4) If A and B are both positive, then it is clear that ω [which should not be negative] is a monotonically increasing function, with a slope which constantly increases, so that we will obtain a graph which never flattens out; in fact it closely resembles the one in Figure  2 , not the one in Figure 3 . This is not what we want. If A = 0, then B must be positive, and in this case we obtain a familiar example of an ω function: since sinl(x) satisfies ( The final remaining possibility is that A is positive and B is negative. Replacing x by x |B| and setting α 2 = A/|B|, we can write equation (24) in the form
where for convenience we have set L = 1, and where
The solutions can then be understood by interpreting this as a one-dimensional dynamics problem with x |B| playing the role of "time" and with "potential" V(ω). Note first that V(α 2 ) = α 2 , which plays the role of the total energy, so the physical region is 0 ≤ ω ≤ α 2 : the ω function in this case must be bounded, which is highly desirable for our purposes [because an unbounded velocity distribution is precisely what we are striving to avoid]. Furthermore, for α 2 > √ 3, the potential has a local maximum, and we might hope to find solutions such that ω asymptotically approaches a value which realises that maximum. Unfortunately, if 0 < ω < α 2 then ω 3 − α 2 ω 2 < 0, whence it follows that V(ω) < α 2 for all physical ω: that is, the particle always has more than enough kinetic energy to surmount the maximum, and so it will not stop moving until it reaches ω = α 2 . There it will bounce and return to the origin: in other words, ω, as a function of x, increases to a maximum and then decreases back to zero. That is, all ω functions in this case will resemble the one in Figure 6 [which was produced by means of a numerical solution of (25) with α 2 = 1]. Again, this is not what we want: while this case respects causality, it entails a decrease of the velocity as the boundary of the nucleon is approached, which of course is completely unphysical. [Indeed, this distribution resembles the one induced by a topologically spherical AdS black hole, as discussed in Section 2.]
In a final effort to obtain a graph resembling the one in Figure 3 , we can try to proceed as follows. As we mentioned earlier, ω ≡ constant is a solution of equation (22); hence we can patch together the increasing part of the graph in Figure 6 with ω ≡ α 2 = 1 to obtain the graph in Figure 7 . This might indeed be an acceptable approximate description of a realistic velocity profile; it would correspond to a boundary manifold which is exactly flat in one region but not elsewhere. That is unusual, but such manifolds can in fact be constructed. [They arise in the study of "local holonomy groups" of Riemannian manifolds [49] .] The problem is that, for reasons explained in Section 3 above, no AdS black hole having such a velocity distribution at infinity can exist: Einstein metrics are analytic in harmonic coordinates, and Figure 7 does not portray an analytic function 14 . [A change of coordinates could help to raise the level of differentiability -one can readily verify that the coordinates we are using here are not harmonic -but not to that extent.] In short, a planar AdS black hole with a velocity distribution at infinity similar to the one displayed in Figure 3 cannot induce a conformally flat structure at infinity, simply because all planar AdS black holes with conformally flat boundaries of the correct general form have ω functions which can be graphed, and none of these graphs remotely resembles Figure 3 . A planar AdS black hole with a physical dual geometry must, therefore, induce a scalar curvature at infinity which becomes negative when transformed to a constant. Hence it is unstable, in precisely the same way as a prolate topologically spherical AdS 5 black hole with a distortion parameter beyond 2, and in the same way as the KMV 0 spacetime: that is, to the uncontrolled nucleation of brane-antibrane pairs.
In fact, while conformal flatness at infinity is necessary for stability against the SeibergWitten effect in this situation, it is by no means sufficient, as the example of the KMV 0 metric itself shows. We have no reason to believe that any of the geometries discussed in this Section corresponds to a stable black hole, and in fact this seems rather unlikely [particularly in the case where both A and B above are positive, which closely resembles the KMV 0 case]. We conjecture that every rotating planar AdS black hole is unstable in this sense. Proving this would entail showing that the special black holes we have discussed in this Section are all unstable; as we do not have an explicit construction of them [apart from the KMV 0 case, A = 0 above], however, this is still a formidable task.
when equation (25) is solved for ω ′ , the resulting expression does not satisfy the Lipschitz continuity condition when ω = α 2 , which gives rise to difficulties for numerical methods; this is associated with the fact that the Picard existence and uniqueness theorem for first-order ordinary differential equations does not apply at this point. Figure 6 was produced by skipping over the maximum.
Conclusion
The principal conclusion of this work is as follows. Consider any asymptotically AdS planar black hole with a velocity profile at infinity which increases monotonically away from the central axis, yet remains bounded everywhere, as would certainly be the case in the dual field theory description of the QGP produced in actual collision of heavy ions. Then this black hole is unstable when string theoretic corrections [arising from brane physics] are taken into account. If the AdS/CFT duality correctly describes the dual system in this case, then the implication is that any quark-gluon plasma produced in a heavy ion collision, with an internal velocity distribution which is even approximately realistic, must be unstable. This instability was also an important conclusion of [11] , but in that case we used a black hole geometry which was chosen simply because the metric could be written down explicitly. We see now that the instability is not an artefact of using that particular geometry. This has been shown by using techniques which, unfortunately, do not allow us to exhibit these other black hole metrics explicitly.
While we have, for convenience, referred to the instability here as an instability of the black hole, this is somewhat misleading. A more accurate description is this: the presence of a rotating planar black hole causes subtle changes in the geometry of the spacetime far from the black hole, and it turns out that extended objects like branes, which propagate in that region, are sensitive to these changes, so that their action function becomes negative at all sufficiently large distances from the black hole. In fact, in [11] it was shown that the region in which the brane action becomes negative moves outwards towards infinity as the angular momentum decreases. This implies that the time required for the unstable region to make its presence felt throughout the spacetime becomes longer as the angular momentum is reduced, and we argued that the plasma produced in colliders may be too short-lived for the instability to develop -except possibly for very high values of the ratio of the angular momentum and energy densities [measured in units defined by the critical temperature]. Thus, in practice the instability is not important except for those collisions which involve such high values, and so we spoke of an angular momentum cutoff, predicted by holography.
We have seen here that, even if the black hole used in [11] is replaced by one which is dual to a plasma with a realistic distribution of velocity, the system is still unstable; it is therefore safe to assume that the qualitative conclusions we have been discussing continue to hold. In particular, the "holographic angular momentum cutoff" is a universal prediction of holography: it is predicted to be a basic property of any dual field theory describing a plasma with a physical velocity distribution and sufficiently large angular momentum density.
A particularly notable finding of [11] was that the time scale of the instability increases surprisingly slowly as the angular momentum decreases. [In particular, it does not diverge as the angular momentum tends to zero.] This is desirable for the application to the QGP, because it is consistent with the fact that the data at relatively low energies do not immediately reveal any cutoff; but it also implies that the time scale is not necessarily very long when the angular momentum is small. This could have important implications for the holography of rotating superconductors. It will be considered elsewhere.
